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Thin Shell (Cylindrical and Spherical Shell) 

1. Thin Cylinder  

Closed vessels are used for storing fluids under pressure. If the ratio of thickness of shell to internal 
radius is less than 1/10, then the cylindrical vessel is known as thin cylinder. In this cylinder, distribution 
of stress is assumed to be uniform over the thickness of wall.  

 (ref Gere) 
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1.1 Stresses in a thin cylindrical shell    

When a thin cylinder is subjected to internal pressure, its wall is subjected to two types of tensile 
stresses. 

I. Circumferential stress or Hoop stress 
II. Longitudinal stress  

(ref Gere) 
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 Circumferential stress  

Consider a thin cylindrical shell subjected to an internal pressure as shown below. Due to circumferential 
stress, the cylinder has a tendency to split up into two parts.  

 

  .௖ = circumferential hoop stressߪ ଵ or ଵ݂ orߪ

The bursting will take place if the force due to fluid pressure is more than the resisting force due to the 
circumferential stress.  

Therefore from force equilibrium, 

2t݈ߪ௖ = pd݈   
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ો܌۾ = ܋
૛ܜ

    This stress is tensile.  

 Longitudinal stress  

Consider a thin cylinder subjected to an internal pressure as shown below. 
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From force equilibrium,  

௅ߪ × ܲ = ݐ݀ߨ × గ
ସ

× ݀ଶ  

ࢊࡼ = ࡸ࣌
૝࢚

    (tensile)   

  Principal stresses   

(ref Gere) 

Here ો܋	܌ܖ܉	ࡸ࣌ are principal stresses as there is no shear stress on stress element 

Max principal stress is ો܋ = ܌۾
૛ܜ

 

 In plane Maximum shear stress  



 

 
Contact- 9740501604 

At any point in a material of thin cylindrical shell, there are two principal stresses – circumferential stress 
and longitudinal stress. These two stresses are tensile and perpendicular to each other. The element is 
subjected to maximum shear stress on a plane which at an angle of 45° with respect to longitudinal axis. 

Maximum shear stress,    

߬௠௔௫ଷ  = ఙ಴ିఙಽ
ଶ

  (in-plane) 

܌۾) =
૛ܜ

܌۾- 
૝ܜ

)/૛  

܌۾=
ૡܜ

 (in-plane) 

 Out of plane Maximum shear stress  

߬௠௔௫ଵୀ  ఙ಴ି଴
ଶ

 

߬௠௔௫ଵୀ  ఙ಴
ଶ

 

߬௠௔௫ଵୀ  ܌۾
૝ܜ

 (Out of-plane) 

     ߬௠௔௫ଶୀ  ఙ೗ି଴
ଶ
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߬௠௔௫ଵୀ  ఙ೗
ଶ
 

߬௠௔௫ଵୀ  ܌۾
ૡܜ

(Out of-plane) 

Note in theory of failure for thin cylindrical shell using tresca’s theory  ߬௠௔௫ଵ must be used as it is 
max among all the max shear stresses. 

 

1.2 Change in dimension of thin cylinder  

 Circumferential strain and change in diameter  

By generalized Hook’s law, 

Circumferential strain ߳௖ = ఙ೎
ா

ߥ -  ఙಽ
ா

  

                                       = ௉ௗ
ଶ௧ா

ߥ -  ௉ௗ
ସ௧ா

    

                                   ߳௖= ௉ௗ
ଶ௧ா

(1 − ఔ
ଶ

) = ఋௗ
ௗ
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௉ௗ = ݀ߜ                                 
మ

ଶ௧ா
(1 − ఔ

ଶ
)         (change in diameter) 

 

 Longitudinal strain and change in length  

Longitudinal strain  ߳௟ = ఙಽ
ா

ߥ -  ఙ಴
ா

  

                                       = ௉ௗ
ସ௧ா

ߥ -  ௉ௗ
ଶ௧ா

    

                                   ߳௟= ௉ௗ
ସ௧ா

(1 − ఋ௟ = (ߥ2
௟
    

௉ௗ௟ = ݈ߜ                                 
ସ௧ா

(1−  (change in length)           (ߥ2

 Volumetric strain and change in volume   

Original volume of thin shell = గௗ
మ௟
ସ

  

Differentiating → గ  = ܸߜ
ସ

× 2݀ × ݀ߜ × ݈ + గௗ
మ×ఋ௟
ସ
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Volumetric strain, ߳௏ = ఋ௏
௏

 = 
ഏ
ర×ଶௗ×ఋௗ×௟	ା	ഏ೏

మ×ഃ೗
ర 	

ഏ೏మ೗
ర 	

    

ఋ௏
௏

 = ଶఋௗ
ௗ

+ ఋ௟
௟
   

߳௏ = 2߳ଵ+߳ଶ  

Change in volume = ܸߜ = (2߳ଵ+߳ଶ).V   

௉ௗ௟ = ܸߜ                         
ସ௧ா

(5−    V.(ߥ4

Change in thickness of cylindrical shell  

Strain along radial direction from Poisson effect = −ߥ ( ఙಽ
ா

 +ఙ಴
ா

 ) 

ఋ௧
௧

ߥ	-	= ଷ௉ௗ
ସ௧ா

 

ݐߜ ߥ	-	= ଷ௉ௗ
ସா
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2. Thin spherical shell  

The fluid inside the shell has the tending to split the shell into two hemispheres.  

 (ref Gere) 
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 From force equilibrium, 

ߪ       × ܲ = ݐ݀ߨ × గ
ସ
݀ଶ   

ࢊࡼ = ࣌          
૝࢚

    ࡸ࣌ = ࢉ࣌ = 

 Principal stresses   

(ref Gere) 

Here ܔܔ܉	܍ܐܜ	ܛܖܗܑܜ܋܍ܚܑ܌	܍ܚ܉	ܔ܉ܘܑ܋ܖܑܚܘ	ܛܖܗܑܜ܋܍ܚܑ܌ 

Max principal stress is ો૚ = ܌۾
૝ܜ
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 In plane Maximum shear stress  

At any point in a material of thin spherical shell, there are two principal stresses are same in all 
orientations. These two stresses are tensile and perpendicular to each other. For thin spherical in-plane 
max shear stress is zero and all planes are principal planes 

Maximum shear stress,    

                                      ߬௠௔௫ଷ  = ఙ಴ିఙಽ
ଶ

  (in-plane) 

 ߬௠௔௫ଷୀ  0 

 Out of plane Maximum shear stress  

߬௠௔௫ଵୀ  ఙ಴ି଴
ଶ

 

߬௠௔௫ଵୀ  ఙ಴
ଶ

 

߬௠௔௫ଵୀ  ܌۾
ૡܜ

 (Out of-plane) 

     ߬௠௔௫ଶୀ  ఙ೗ି଴
ଶ
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߬௠௔௫ଶୀ  ఙ೗
ଶ
 

߬௠௔௫ଶୀ  ܌۾
ૡܜ

(Out of-plane) 

Note in theory of failure for thin spherical shell using tresca’s theory  ߬௠௔௫ଵ must be used as it is 
max among all the max shear stresses. 

 

 Change in dimension of a thin spherical shells  

σଵ = σଶ = ௉ௗ
ସ௧

 

∴ Strain in any direction = ߳ = ఙభ
ா

ߥ -  ఙమ
ா

  

                                            = ఙభ
ா

(1 −     (ߥ

                                         ߳ = ௉ௗ
ସ௧ா

(1 − ఋௗ = (ߥ
ௗ

     

௉ௗ = ݀ߜ ∴
మ

ସ௧ா
(1 −   (ߥ

 

Volume of sphere, V = గௗ
య

଺
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Differentiating → గଷௗ  = ܸߜ
మ.ఋௗ
଺

     

∴ Volume strain, ߳௏ = ఋ௏
୚

 = 
ഏయ೏మ.ഃ೏

ల 				
ഏ೏య

ల 	
 = ଷఋௗ

ௗ
 = 3߳ = ଷ௉ௗ

ସ௧ா
(1 −   (ߥ

 
Change in thickness of spherical shell  

Strain along radial direction from Poisson effect = −ߥ ( ఙಽ
ா

 +ఙ಴
ா

 ) 

ఋ௧
௧

ߥ	-	= ௉ௗ
ଶ௧ா

 

ݐߜ ߥ	-	= ௉ௗ
ଶா
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Problems 

1.  
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2.  
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3.  
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4.  
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5.  
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6.  
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7.  
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8.  
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9.  

 


