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Damped free vibration of single degree of freedom 

When damped free vibration take place, the amplitude of vibration gradually becomes small and finally is 
completely lost.  

The rate, at which the amplitude decays, depends upon the type and amount of damping in the system.   
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 Different type of damping   
 

 Viscous damping  

This is the most important type of damping and occurs formally with velocities in lubricated sliding 
surface, dashpots with small clearance etc.  

Eddy current damping is also type of viscous nature. The amount of resistance will depend upon the 
relative velocity and upon the parameter of the damping system.  

 

Consider two plates are separated by fluid film of thickness t. The upper plate is allowed to move parallel 
to the fixed plate with a velocity	̇ݔ. The net force F required for maintaining the velocity 	̇ݔ of the plate is 
expressed as;  
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F = ఓ஺
௧
  ݔ̇	

Where,    A = Area of the plate 

                t = Thickness   

 Coefficient of absolute viscosity of the film = ߤ               

F = c	̇ݔ  

Where,        

c = ఓ஺
௧

  

Where, c is viscous damping coefficient.  
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 Dry friction or coulomb damping    

This type of damping occurs when two machine parts rub against each other, dry or un- lubricated. The 
damping resistance in the case is practically constant and is independent of the rubbing velocity.  

General expression for coulomb damping is:   

 

 

Where,   

  coefficient of friction = ߤ     

   ܴே = Normal reaction   
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 Structural damping   

This type of damping is due to the internal friction of the molecules. The stress – strain diagram for 
vibrating body is not a straight line but forms a hysteresis loop. The area of which represents the energy 
dissipated due to molecular friction per cycle per unit volume.  
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The energy loss per cycle, 

E = ߨkܣߣଶ  

Where,   

       A = amplitude of vibration  

  dimensionless damping factor = ߣ      

E = ܣߚଶ  

Where,  

  ߣ݇ߨ = ߚ     
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 Energy dissipation in viscous damping  

For a viscously damped system the force, 

F = ċݔ = cௗ௫
ௗ௧

  

Work done, dW = F.dx = (cௗ௫
ௗ௧

)dx  

The rate of change of work per cycle i.e. energy dissipated  

∫ = ܧ∆ .ܨ) ௗ௫
ௗ௧

)	dtଶగ/ఠ
଴  = ∫ ((c ௗ௫

ௗ௧
	). ௗ௫

ௗ௧
)	dtଶగ/ఠ

଴    

∫ = ܧ∆ ܿ. (ௗ௫
ௗ௧

)ଶ	dtଶగ/ఠ
଴    

If response is simple harmonic, 

x = Asin߱ݐ  

(ௗ௫
ௗ௧

)ଶ = ߱ଶܣଶ(cos߱ݐ)ଶ           

∫ = ܧ∆ ܿ.߱ଶܣଶ(ଵାୡ୭ୱଶఠ௧
ଶ

)		dtଶగ/ఠ
଴      
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  ଶܣ߱ܿߨ = ܧ∆

The max kinetic energy of the system, 

E = (ܧ.ܭ. )௠௔௫ = ଵ
ଶ
௠௔௫ଶݔ̇݉  = ଵ

ଶ
݉߱ଶܣଶ   

The ratio of	∆ܧ/ܧ,  

ா∆ = ߚ
ா

 = గ௖ఠ஺మ 	
భ
మ௠ఠమ஺మ 		

   

ଶ௖గ = ߚ
௠ఠ

  

Where ߚ is constant and known as specific damping capacity of the system.  
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 Differential equation of damped free vibration   

 

The equation of motion,   

m̈ݔ + ċݔ + kx = 0  
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Above equation is a linear differential equation of 2nd order and solution can be written as, 

x = ݁௦௧  

Then  

  ௦௧ + ݇݁௦௧ = 0݁ݏܿ + ଶ݁௦௧ݏ݉

  ௦௧ = 0݁	(݇+ ଶ+ csݏ݉)

  ଶ+ cs +݇ = 0ݏ݉

The above equation is called characteristic equation of the systems,  

܋ି = ૚,૛܁
૛ܕ

 ± ටቀ ܋
૛ܕ
ቁ
૛
− ܓ

ܕ
  

General solution for free damped vibration of single degree, 

x = ܿଵ		݁ࡿ૚࢚ + ܿଶ		݁ࡿ૛࢚  

Where ܿଵ		and ܿଶ		 are constants to be determined from initial condition.  
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Critical damped coefficient   

If roots of characteristic equation are real and equal then the value of damping coefficient is known as 
critical damping coefficient, i.e.  

ቀ େౙ
ଶ୫
ቁ
ଶ
− ୩

୫
 = 0   

ቀ େౙ
ଶ୫
ቁ
ଶ

= 	 ୩
୫

   

େౙ
ଶ୫

 = ට ୩
୫
		  

େౙ
ଶ୫

 = ߱௡  

Cୡ = 2݉߱௡ = 2√݇݉  
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 Damping factor or damping ratio    

The ratio of damping coefficient to critical damping coefficient is known as damping factor or damping 
ratio.  

஼ = ߞ
େౙ

  

Now,  େ
ଶ୫

 = ஼
େౙ

. େౙ
ଶ୫

  	௡߱ߞ = 

So,  

	ࣀ-) = ૚,૛܁       ± ඥࣀ૛ − ૚)	࣓࢔	   

If C > Cୡ  or 1 < ߞ, system is over damped   

  C = Cୡ  or 1 = ߞ, system is critically- damped    

  C < Cୡ  or 1 > ߞ, system is under-damped    
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Over damped system (1 < ߞ)    

General solution,   

x = ܥଵ݁(ି఍ା	ඥ఍మିଵ)	ఠ೙௧  + ܥଶ݁(ି఍ି	ඥ఍మିଵ)	ఠ೙௧  

For critical condition, x = ܺ଴  

                           And ̇0 = ݔ 

Solving for the condition, 

x = ௑బ
	ଶඥ఍మିଵ

[ቀ−ߞ + 	ඥߞଶ − 1ቁ݁(ି఍ା	ඥ఍మିଵ)	ఠ೙௧ +ቀ−ߞ −	ඥߞଶ − 1ቁ݁(ି఍ି	ඥ఍మିଵ)	ఠ೙௧ ]  

At   t = 0 
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Critical damped system (1 = ߞ)  

Sଵ = Sଶ = - ߱௡  

Solution, 

x = (ܥଵ+ܥଶݐ)݁ି	ఠ೙௧  

For initial condition, 

        x = ܺ଴  

And ̇0 = ݔ  
At    t = 0 
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→x = ܺ଴(1 + ߱௡t) ݁ି	ఠ೙௧     
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  Critical damping is smallest damping for which response is non-oscillatory 
 With Critical damping system will have steep fall in displacement   
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Under – damped system (1 > ߞ)     

For under – damped system, roots of characteristic equation,  

Sଵ,ଶ = (-ߞ	 ± ඥߞଶ − 1)	߱௡	     

Sଵ,ଶ = (-ߞ	 ± ݅ඥ1 −      	߱௡	ଶ)ߞ

General solution, 

x = ݁ି఍ఠ೙௧ [ܥଵ݁௜(ඥଵି఍
మ)ఠ೙௧ + ଶ݁ି௜(ඥଵି఍ܥ	

మ)ఠ೙௧]    

(ඥ1 − ଶ)߱௡  = ߱ௗ    (߱ௗߞ =    (ݕܿ݊݁ݑݍ݁ݎ݂	݈ܽݎݑݐܽ݊	݀݁݌݉ܽ݀

For initial condition, 

          x = ܺ଴  

And   ̇0 = ݔ   

x = ௑బ
ඥଵି఍మ

݁ି఍ఠ೙௧ sin(߱ௗݐ + ∅)   

At    t = 0 
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Where,    ∅  = tanିଵ ൬ඥଵି఍
మ

఍
൰  

Amplitude = ௑బ
ඥଵି఍మ

݁ି఍ఠ೙௧   

Which is seems to decay exponentially with time. Theoretically, the system will never come to rest, 
although the amplitude of vibration may become infinitely small.  
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Period, ௗܶ = ଶగ
ఠ೏

   = ଶగ
ఠ೙(ඥଵି఍మ)

     

 Logarithmic decay   

It is the ratio of any two successive amplitudes for an under-damped system vibrating freely is constant 
and it is a function of damping only.  

Consider two points A and B, corresponding to the times ݐ஺ and	ݐ஻. 

஻ݐ	 − ஺ =  ଶగݐ	
ఠ೏

   = ଶగ
ఠ೙(ඥଵି఍మ)

  = ௗܶ  

Amplitude of oscillation for under-damped system is  

                  Amplitude = ௑బ
ඥଵି఍మ

݁ି఍ఠ೙௧      

Therefore,  

X୅ = ௑బ
ඥଵି఍మ

݁ି఍ఠ೙௧ಲ        

X୆ = ௑బ
ඥଵି఍మ

݁ି఍ఠ೙௧ಳ          
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ଡ଼ఽ	
ଡ଼ా

 = ݁఍ఠ೙(௧ಳି௧ಲ)  =  ݁఍ఠ೙௧೏                  

ଡ଼ఽ	
ଡ଼ా

 = ݁
఍ఠ೙

మഏ

ഘ೙(ටభషഅమ)   = ݁
ቌ మഏഅ

ටభషഅమ
ቍ

         

log ଡ଼ఽ	
ଡ଼ా

  =  ଶగ఍
ඥଵି఍మ

                     

This is called logarithmic decay, is denoted by  ߜ       

ln =  ߜ ଡ଼ఽ 	
ଡ଼ా

  =  ଶగ఍
ඥଵି఍మ

          

ln = ߜ ଡ଼బ	
ଡ଼భ

  = ln ଡ଼భ	
ଡ଼మ

  = ln ଡ଼మ 	
ଡ଼య

 = ..........	ln ଡ଼౤షభ 	
ଡ଼౤

        

ln = ߜ݊ ଡ଼బ	
ଡ଼భ

 + ln ଡ଼భ 	
ଡ଼మ

 + ln ଡ଼మ 	
ଡ଼య

 + ..........	ln ଡ଼౤షభ 	
ଡ଼౤

        

ln = ߜ݊	 ଡ଼బ	
ଡ଼భ

. ଡ଼భ 	
ଡ଼మ

. ଡ଼మ	
ଡ଼య

… . . ଡ଼౤షభ 	
ଡ଼౤

   

ln =  ߜ݊ ଡ଼బ	
ଡ଼౤
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       → ૚=  ࢾ
࢔
ܖܔ  	૙܆

ܖ܆
    

Here, amplitude = n+1 

              Cycles = n - 0 = n     
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 Amplitude decay in coulomb’s damping   
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Here Mass is moving from LHS to RHS and initial displacement is -ܺ଴ 

Equation for motion  

m̈ݔ + kx + F = 0  

Solution, 

x = Acos(ඥ݇/݉)ݐ + Bsin(ඥ݇/݉)ݐ - F/k    

Initial condition, 

x = - ܺ଴  

  0 = ݔ̇
At   t = 0 
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This gives A = (-ܺ଴ + 	F/k	), B= 0 

 x = (−ܺ଴ + 	F/k	) cos(ඥ݇/݉)ݐ  - F/k   

This solution holds good for half cycle, when t = గ
ఠ೙

  half cycle is complete.  

Displacement for half cycle  

x = (−ܺ଴ + 	F/k	) cosߨ  + F/k =   ܺ଴ − 	2F/k  

The critical displacement ܺ଴ is redundant by 2F/k in half cycle and in full cycle, it is redundant by	4F/k.  
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16.  

 



 

 
Contact- 9740501604 

17.  

 

18.  

 

 



 

 
Contact- 9740501604 

 

 


