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Basic elasticity
Stress:-
When a body undergoes deformation under the application of external -force, a

restoring/resistance force is induce within the body. The intensity of force,(i.e), restoring force
per unit area is termed as stress.

stress (o) = 61j1m06_A

Under complex loading, forany given small area, oAthe resultant force can be at any
inclination. This the resultant force (here stress) is resolved in two components.

(1) Normal Stress:=(Normal to plane)

_ 6P
7= saN0 84
(2) Shear Stress:- (Parallel to plane)
_ 1 6Ps
LR Ny

Stress is a tensor quantity ( 2" order tensor) (i.e), it depends on magnitude, direction and
plane in which it acts.
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Normal stress (o ) can be tensile or compressive is nature depends on loading.

Generally, normal stress pointing away from plane is considered as tensile stress (+ve)
while normal stress pointing towards the plane is considered as compressive stress(-ve).

Normal stress is also termed as direct stress.
Normal and Direction of Stresses:-

In tonsorial notation the stress is generally termed as o;; or 7;; two suffix-for 2" order tensor

When
I —indicates plane in which it acts
J — indicates direction of action

for eg

AY
— =
I A
I _’-’»
} - S SRS et
[ 2
A = C

Z

In above figure plane ABCD is ¢ X-plane’. There is a normal force and two shear stress in a
planeof © 3-D structure’. The normal stress in plane ABCD is noted as o, . Similarly, shear
stress z,, in y-direction and 7,, in z-direction.

Some time, o, is also termed with o, (single o).
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Direction:-

The normal stresses are defined as positive when they are directed away from their related
surface.

The direction of shear stress depends on the co-ordinate system considered.
If the tensile stress is in positive direction of the axis ( say X ), the shear stress are positive in

other two positive direction of axis (y and z ), while if tensile stress in oppasite direction of axis
(-x), the positive shear stress are in direction opposite to positive direction.of axis (-y and -z ).

Stresses in 3-D Body:-

If any 3D body is subjected to external load it undergoes deformations which include
strains and stresses. Consider a small (infinitesimal) particle of a 3-D body.
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There are 3-planes in a cubical partial (X,Y,Z). in each plane ( one normal stress and two
shear‘stress).

There are total 9-stresses in a 3-D body. In terms of matrix,
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Row indicate plane
Column indicate direction
Equation of Equilibrium:-
Consider again the infinitesimal element of a 3-D body subjected to external loading.
Assume the body to be in equilibrium under the external loading, herethe small element is also

in equilibrium.

Considering the variation of stress along the element as well. Let the body force in x,y
and z direction in X,Y and Z.
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Taking moment about an axis through centre of element and parallel to z-axis.

d 0Ty d d ATyy d
(Txydydz) ;x + (Txy + ;xy dx) dydz;x — Tydx dz;y — (Tyx + g] dy) dxdz;y =0

Ignoring higher order term and dividing by dx dy dz;

Txy = Tyx
Similarly,
Txz = Tzx
Tyz = Tzy

Complementary nature of shear stress.

A shear stress acting on a given plane (z,,,7,,, 75)-iS always accompanied by an equal

complementary shear stress (z,,,7,,7,) acting.on a plane perpendicular to the given plane and
IS opposite sense.

Now considering force equilibrium in x-direction,

09y 0Tyx 0Ty
<o*x + M dx) dydz — o,dydz + ( Ty, + dy |dxdz — ty,dxdz + (sz + 3, dz) dxdy

dy
— Tdxdy + X dxdydz =0

do, N 0Tyy N 0T,y

ax "oy "oz TX=0

Using complementary shear stress,(i.e), Ty, = Ty and T,, = T,y
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The above equ of equailibrium must be satisfied at all interior points in a deformable
body a 3-D force system.

Strain:-

Strain is defined as change in length to original length.
Normal strain due to normal stress.
Shear strain due to shear stress.

Normal Strain:-

B ou B ov B ow
* T ox Y Tay 1Ty
Shear strain:-
_ u N ow
yzx - ay ax
_ v N u
Yoy = 5 dy
_ ow N ov
Yvz =5y " a7
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L 0'B'—0B _ v
YT 0B " oy
Also,
Jv Jdu
Vxy 91 + 92 - a_ E
Strain transformation:-
&s c? s 2cs :xx
e —2cs i
Vst —cs ¢s (c?—s?) Yy
2 2
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Principal strain:-

Yx
0, = = tan! (—y >
b2 (xx = &)

Max shear strain:-

Vr;ax _ \/(gx ; 83’)2 + (]%)2
= Lo ()

Stress strain Relationship:-
Assumption:-

Material is isotropic and homogeneous

The structure is deformed within elastic limit
Hook’s Law:-

When a 1-D body (say bar) is loaded axially, it undergoes deformation (AL), hence,
strain and stresses induced Hook’s law states whenever a body is subject to external loading
within elastic limit, the stresses induced is directly proportional strain,(i.e), (o « &)

o=Ee

Where,

E- Young’s modules of elasticity.

. . —Lateral strain £
Poisson’s Ratio (y) = ——— —= -2
Longitudinal strain Ex
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Ey
Yy = .
-1<y<05

Suppose a 3-D body is subjected to uniaxial loading in X-direction.

0.
E=Z=¢e=25(1)
" E
Similarly,
yo.
& = _Tx (2)
0.

Similarly, for uniaxial loading in Y-direction:-

a. 0. 0.
gy:; ; sz_yEy ; z=——yy—’(4)
In Z- direction,
g yo. Y 0.
£Z=EZ v Ex = — Ex v €y = — Ey _)(5)

For multidirectional loading;-combining all equations:

1
Ex = E [Gx - ]’(O'y - GZ)] - (4)

1
&y = E [O-y —v(ox — O-Z)] - (B)

1
& = E [O-Z —y(ox — Gy)] - ()

Similar to Hook’s law for normal stress, Hook’s law in shear component is, T X y ;
T = Gy Where, G — shear modulus



